Abstract. Let X be à simply connected topological space, and let yt(X) be its rational homotopy Lie algebra. Suppose that a torus acts on X with fixed points, and suppose that F is a simply connected component of the fixed point set. If ¿ft( X) is finitely presented and if F is full, then it is shown that i?»(F) is finitely presented, and that the numbers of generators and relations in a minimal presentation of ¿ft( F) do not exceed the numbers of generators and relations (respectively) in a minimal presentation of i?»( A'). Various other related results are given.
1. Introduction. For a simply connected space X let Ji?m(X) denote the rational homotopy Lie algebra of X. (See [14] , for example.) Thus ^"(X) = <nn+f(X) ® Q, where Q is the field of rational numbers. Now suppose that a torus group T acts on X with nonempty fixed point set XT, and let F be a component of XT. In [4] , under certain conditions, we proved a theorem relating the numbers of generators and relations in a minimal presentation of y*(X) to those in a minimal presentation of ¿¡f*(F). In this paper we give a new proof of an extended version of this theorem.
The new proof has a number of advantages over the proof in [4] . For example, in [4] we assumed that dim^i^A") was finite, whereas here we need assume only that ¿f*(X) is finitely presented. The new proof also gives a method for computing the numbers of generators and relations in the presentations of S£,a\X) and Sf^(F). In addition, a crucial tool of the proof, the equivariant Milnor-Moore-Quillen spectral sequence (see §3), may have other uses in the rational cohomology and homotopy theory of torus group actions.
Before stating the main theorem, we need to list some conditions. The first set of conditions (1.1) is standard; the second set (1.2) is more particular to our theorem.
1.1 Conditions. dimQH*(X; Q) < oo, and either (A) X is compact, or (B) X is paracompact, X has finite rational sheaf dimension (cdQ(X) < oo), and the number of connective isotropy subgroups is finite.
The last condition in (B), which is not needed in (A), states that {7^°: x g A"} is finite, where Tx is the identity component of the isotropy subgroup Tx at x. This condition is, of course, redundant if T = Sx, the circle group. 
dimQ(WF) < dimQ(Wx), and, indeed,
We also prove a result on iterated Whitehead products and degrees of nilpotency (Theorem 4.6). [3] . We shall not pursue these lines here, however.
(ii) Condition 1.2(iii) is needed. It is analogous to the cohomology condition "A* is totally nonhomologous to zero (TNHZ)". (It is, however, independent of that condition.) Examples 4.4 and 4.5 show that the theorem can fail if F is not full.
(iii) The condition "dime H*(X; Q) < oo" in 1.1, which implies that dimß H*(F; Q) < oo, could be replaced by the conditions "H*(X; Q) and H*(F; Q) have finite type."
(iv) The cohomology analogue of Theorem 1.3 is due to T. Chang ([6] , but see also [11] ) for part (2), and to L. Avramov and V. Puppe (see [13] ) for part (3) . Very simple elementary proofs of the cohomology theorem have been found by both authors of this paper independently ([13] , for example).
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2. Remarks on equivariant rational homotopy. In this section we give a rather technical extension of a result of [1] and [2] . As in [1] let A be a commutative differential Z2-graded ^-algebra, where AT is a field of characteristic zero. Suppose that A has an augmentation e: A -* K. Let m = ker(e), the augmentation ideal. 2.4 Proposition. The homomorphism <p(F)*: UfT Fn k)(X) -» n(*r Ft"tk)(F) = R ® Tl*n k)(F), induced by <p(F), becomes an isomorphism when localized with respect to the multiplicative set of nonzero homogeneous elements in R.
3. The equivariant Milnor-Moore-Quillen spectral sequence. Let A' be a connected space of finite rational type (i.e., H*(X;Q) has finite type), let Ji(X) be the minimal model of A", e: ^T(A") -» Q the augmentation, and m = ker(e) the augmentation ideal. Then the filtration J((X) Dw2w2d
•
gives rise to a spectral sequence E(X)*-* => H*(X;Q). According to Felix and Halperin [7] , if X is simply connected, then, for r > 2, this spectral sequence is dual to the Milnor-Moore spectral sequence E( A" We shall call this spectral sequence the equivariant Milnor-MooreQuillen spectral sequence (EMMQSS) of (T, F; X).
<p(F) induces a homomorphism of spectral sequences <p(F)**: E(T, F; X)*/* -+ E(T, F; F)*'* = R® E(F)**.
For each p > 0, E(T, F; X)?-* is an Ä-module; and with the notation of §2, E(T,F;X)P'* = Q(T,F^l)(X) and E(T,F; X)py* = l\*TFpl)(X).
Thus 2.4 implies the following proposition.
3.1 Proposition. For r ^ 1, <¡p(F)** becomes an isomorphism when localized with respect to the multiplicative set of nonzero homogeneous elements in R.
The following definition of fullness can be shown to be equivalent to that given in [2], where F is said to be full if n(*r F)( X) is a free Ä-module.
3.2 Definition. F is said to be full in X (or n J-full in A'), if the differential on ô(T,F)(A')iszero.
There are various alternative ways to characterize fullness. The inclusion of the fiber j: X -» XT induces a homomorphism j*: T1*TF)(X) -* IIJ(A'); and, in general, F is full if and only if /* is surjective. If X is 1-connected and of finite type, then it can be shown that F is full if and only if ßA is totally nonhomogeneous to zero (with respect to rational (co-)homology) in the fibration ßA'^ (QX)T -» BT, where SIX is defined using a basepoint in F, and T acts on ßA" in the obvious way. And, under The following simple lemma will be useful. In particular, z/dimßif*( X) < oo, then dimQC^(F) > dimQC^(X).
(Thus degree of nilpotency of £C^(F) > degree of nilpotency o/if*( A").)
Proof. As before, we may assume that T = Sx. Since F is full, using the notation above (e.g., m = kere(F)), by [2, §5] we have an R-co-lÀe algebra structure v: m/m2 -* m/m2 ® m/m2, which, when evaluated at t = 0 and t = 1, yields the co-Lie-algebra structures on m(X)/m(X)2 and m(F)/m(F)2, respectively, which are dual to the Lie algebra structures on =5?*(A) and £C^(F), respectively. (Strictly speaking, m/m2, m(X)/m(X)2, and m(F)/m(F)2 need to have their degrees lowered by one when they are to be regarded as co-Lie-algebras.) We may form the iterate V(q) as above, and the result follows because dimeker(v(^f) ®Ä ßi) = dim^(kervíí?)),, by exactness of ®RQf, dime(kerv(^))1 = dime(kerv(^))0, since m/m2 is a free Ä-module, and dimß(kerv(<7))0 < dimßker(v(i) ®R Q0), since ®qm/m2 is a free Ä-module. The last statement follows since fullness implies that dimQJ?*(F) = dimQJ?*(X). 4.7 Remarks, (i) Again we may refine the statements of Theorem 4.6 into separate statements about elements of even degree and elements of odd degree.
(ii) If we assume only Conditions 1.1 and that X is TNHZ, then 4.6 has a cohomology analogue concerning products of length q or more and cup length. This follows from 4.1 applied to iterates of the cup product map p: Hï(X,xy,Q)®Hï(X,xyQ)-^Hï(X,xyQ), where xQ is basepoint in F. It follows that dimQH*(F;Q)/[H*(F;Q)\q < dimQH*(X;Q)/[H*(X;Q)]q for q > 0. Hence if XT = F is connected, n0(F) > n0(X), where n0 is the rational cup length: That is n0(X) = max{q: [H*(X; Q)]" * 0} (cf. [7, §9] ). There is an example due to Tomter [17] where X = S4 X S2n and F = CP3; n0(F) > n0(X) in this example.
